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1. Introduction 
This paper concerns the specific and conflicting interaction of shrinkage and partial interaction in 
composite beams, and in particular in composite T-beams. It builds on the generic theory developed in the 
companion paper (Bradford 2010), and considers only the beam deflection. 
Figure 1: Cross-section and strains. 
2. Material Properties 
Figure 1 shows the cross-section of a composite T-beam that is cast propped and comprising of four 
materials: (i) the concrete slab, (ii) conventional reinforcement, (iii) steel joist, and (iv) shear connectors, 
whose properties are modelled as described in the following. 
In this paper, the steel I-section joist and conventional reinforcement are assumed to be in the elastic 
range of structural response, both with an elastic modulus of Es.
The same assumptions are made as in the companion paper (Bradford 2011); viz. the concrete is 
treated as being uncracked, with its viscoelastic response developed by shrinkage and creep. Both the 
shrinkage strain Hsh and creep strain Hcr are assumed to be constant through the depth of the slab. 
The companion paper (Bradford 2011) showed the mechanical concrete strain to be given by 
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in which t = t0 is the time at first loading, I(t, t0) = Hcr(t, t0)/Hi is the creep coefficient, Hi is the 
instantaneous strain, Hc is the total concrete strain, Ee = Ec/(1 + I) is the effective modulus, and Ec is the 
short-term elastic modulus of the concrete. Typical values for the variation of the creep coefficient and 
shrinkage strain, taken from the ACI Standard (1982) are shown in Figure 2, while the companion paper 
(Bradford 2011) presents some details of expressing these empirically in algebraic forms suitable for the 
closed form representation of the beam response. 
(a) creep coefficient                 (b) shrinkage strain 
Figure 2: Typical shrinkage and creep data. 
The response of the shear connection is usually assessed empirically in a standard push test (Oehlers 
and Bradford 1995), and in the linear range of material response it is sensibly linear. The shear connection 
response can be quantified by a relative slip deformation s, which is related to the shear flow force at the 
interface Fi by 
ksFi  , (3)
where k is the shear connection stiffness with units of (force) u (length)-2, and which is taken as being 
constant in this paper. 
3. Virtual Work Formulation 
As was assumed in the companion paper (Bradford 2011), the composite beam in one-way bending is 
assumed to be simply supported of length L and subjected to a sustained uniformly distributed load of 
intensity q, as well as being propped during construction. It is further assumed that the member is 
symmetric with respect to the y axis through the web of the joist and that the curvatures N in the concrete 
and steel joist are the same. The geometric centroid of the concrete, reinforcement and joist are located dc,
dr and ds respectively as shown in Figure 1, and the concrete-steel interface is positioned di below the top 
surface. Using the expressions for the strains in the companion paper (Bradford 2011), the stresses in the 
concrete, reinforcement and steel joist are 
 shccec vyuE HV ccc ,  vyuE rcsr ccc V and    vyuE ssss ccc V (4) 
M.A. BRADFORD / Procedia Engineering 14 (2011) 396–401 399
respectively, while kinematic compatibility at the interface location leads to the slip 
   s s i c i c s cs u d d u d d u u hvN N ccª º ª º        ¬ ¼ ¬ ¼ , (5) 
where yr = dc – dr is the depth of the reinforcement below the centroid of the concrete, h = ds – dc, uc and us
are the axial deformations at the centroids of the concrete and joist respectively, vs = N is the curvature, the 
variables t and t0 have been dropped and ( )c { d( )/dx. Invoking the variational form of the principle of 
virtual work given in the companion paper (Bradford 2011) then leads to the third order differential equation 
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The solution of Equation 7 that satisfies the boundary conditions is 
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while the lengthwise variation of the deflection is 
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in which J = 1 + h h / r 2, [ = x/L, T = Dx, r 2 = EI / EA  and 4 = DL.
4. Interaction of shrinkage and partial interaction 
The deflection at mid-span v(0) is given by 
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(10) 
By denoting vr(0) as the mid-span deflection obtained under full interaction (rigid) without shrinkage as 
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so that a shrinkage parameter of :* = 5/48 | 0.10417 will produce the same relative increase in 
deflection for both a fully composite and non-composite beam. This can be seen in Figure 4, for which 
when : < :*, the effects of partial interaction are dominant (increases in the stiffness of the shear 
connection decrease the deformations), while for : > :* the contrary holds (increases in the stiffness of 
the shear connection allow for more slab force transfer due to shrinkage and so increase the curvature).  
5. Conclusions 
This paper has considered a rational analysis of composite steel-concrete beams with elastic shear 
connection, for which the effects of slab shrinkage are coupled with those of partial interaction. Using a 
formulation based on the principle of virtual work, an expression for the deflections of the beam as a 
function of both the shrinkage strain and degree of interaction of the beam has been obtained. Specifically, 
the mid-span deflection was considered and a limiting value of a dimensionless shrinkage strain 
parameter that includes the shrinkage strain, beam length, transformed cross-section properties based on 
the effective modulus of the concrete and sustained load was identified. The significance of this limiting 
parameter is that when the shrinkage strains exceed it, the beam deflections increase with an increase of 
the degree of shear connection because of the mobilisation of the slab shrinkage force as a result of 
restraint at the slab-joist interface. However, when the shrinkage strain parameter is less than this value, 
the stiffness benefit of increasing the stiffness of the shear connection outweighs the deflections caused 
by shrinkage. This value should be of benefit in economic beam design for sustained loading. 
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